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Abstract—Repeaters are a key building block for quantum
networks, enabling long-distance entanglement between remote
terminals. However, their performance may be limited by asym-
metric noise induced by the remote CNOT (controlled NOT)
protocol, where control and target qubits experience different
dominant error types. This motivates the use of asymmetric
quantum error-correcting codes in neighboring repeater stations.
We first show that directly adopting such asymmetric code pairs
is highly constrained. For asymmetric CSS code pairs matched
to the remote-CNOT noise model, neither fully transversal
nor partial transversal CNOT constructions can provide the
desired logical CNOT while preserving the required asymmetric
protection. To overcome this, we propose a repeater architecture
based on asymmetric quantum Reed-Muller codes and automor-
phic logical CNOTs. Instead of implementing logical CNOTSs
across heterogeneous codes, we construct a larger distributed
code through transversal remote CNOTs and realize the logical
operation via qubit-permutation-based transformations within
the code, thereby aligning error protection with the asymmetric
noise structure. Our results show that the proposed asymmetric
design can reduce the logical error rate induced by remote
CNOTs over symmetric ones with the same physical qubit budget.

I. INTRODUCTION

Repeaters are a building block for quantum networks, en-
abling long-distance entanglement between remote terminals.
Such entanglement supports a wide range of new applications
such as quantum cryptography [1], [5], [6], [11] and distributed
quantum computing [3]. These systems rely on photonic chan-
nels for transmitting qubits, where losses and noise degrade
the fidelity of transmitted quantum states exponentially with
distance [22]. Quantum error correction can mitigate these
effects and is an essential component of scalable quantum
repeater architectures. Existing repeater designs typically em-
ploy identical symmetric quantum error-correcting codes at all
repeater stations, where each node is encoded using the same
code with equal capability to correct both X and Z errors.
These designs fail to exploit the inherent asymmetric error in-
troduced by the remote CNOT protocol used for entanglement
distribution. In practice, the remote CNOT protocol propagates
noise unevenly across control and target qubits, leading to a
mismatch between the error model and the protection offered
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by identical symmetric codes. This observation motivates a
repeater design that accounts for asymmetric noises. In this
work, we propose a quantum repeater architecture based on
asymmetric QRMs (quantum Reed-Muller codes [2], [21],
[25]) and automorphic logical CNOTs, enabling neighboring
repeater stations to have different error-correcting capabilities
while still supporting fault-tolerant logical CNOT operations.

II. BACKGROUND AND MOTIVATION

Repeaters can divide a long-distance quantum network link
into short segments [8], [10]. Although such repeaters were
envisioned to operate on physical hardware qubits without
error correction, the second generation of such repeaters uses
quantum error correction codes (QECCs) [12], [14], [19], [23]
to protect against noise in hardware and on photons [18]. As
shown in Fig. 1, such repeaters need to perform 2 protocols,
entanglement distribution and entanglement swapping, to es-
tablish entanglement between repeater A and C.

1) Entanglement distribution: The goal of entanglement
distribution is to create entangled logical qubit pairs be-
tween two neighboring quantum repeaters by applying logical
CNOTs. As was envisioned in the original second-generation
quantum repeaters, each repeater implements separate blocks
of the same CSS code [9], [20], so that logical CNOTs are
implemented by transversal physical CNOTs. These physical
CNOTs are done, in turn, via remote CNOTSs from consuming
entangled photonic qubits transmitted to the two repeaters [15]
as illustrated in Fig. 2. The entangled photon pair in the remote
CNOT protocol suffers depolarizing noises after creation. And
these noises propagate to q4, the control qubit, and ¢p, the
target qubit, differently. In detail, from the noise model in [15],
the control qubit is more likely to suffer a Z error, and the
target qubit is more likely to suffer an X error after the remote
CNOT gate. The asymmetry motivates the design of a repeater
architecture that can match the biased error model with the
correction ability of two asymmetric codes.

2) Entanglement swapping: occurs in all intermediate re-
peaters after the entanglement distribution. In each interme-
diate repeater, there are always two sets of codes. Logical
qubits of the first code are entangled to logical qubits in the
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Fig. 1. TIllustration of three repeaters. The goal is to entangle g 4 in repeater
A and g, in repeater C, with repeater B in the middle. After entanglement
distribution, g4 and g are entangled in the [0405) + {TATB> state, g/
state and G are entangled in the [05/0¢) + |I5/I¢) state. To entangle g 4
and g, the next step is to perform entanglement swapping in repeater B.
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Fig. 2. Ilustration of remote CNOT. In this figure, we have two physical
qubits, g4 and qp, that are far apart in two neighboring repeaters, and we
want to perform a CNOT gate between them. The first step is to generate an
entangled photon pair in the |00) 4|11) state. Then we send one photon to g4
and the other to gp. And perform CNOT gates between the physical qubits
and photons as shown in the figure. Finally, we measure photons in the Z and
X bases and send the classical information of the measurement result to the
other repeater to perform correction. The entire process effectively implements
a CNOT gate between g4 and gp using a pair of entangled photons.

previous repeater, and logical qubits of the second code are
entangled to logical qubits in the next repeater. Then, we first
perform Bell measurements between the logical qubits in the
two codes in the intermediate repeater. After this, we send the
readout results via classical communication to the previous
and next repeaters to apply Z or X corrections. As a result,
an entanglement is established between the logical qubits at
the two ends of the network [7]. Fig. 3 shows the logical level
operation that establishes an entanglement between repeater A
and C with an intermediate repeater B.

III. LIMITATIONS ON QECCS FOR 2ND GEN. REPEATERS

Second-generation repeater proposals employ identical CSS
codes in all repeater stations. In this setting, logical Bell-state
preparation can be performed using transversal CNOTs [14],
which are realized by applying physical CNOTs between all
corresponding qubits in neighboring blocks. To better match
the asymmetric noise arising from remote CNOTs, recent
works have proposed the idea of employing different CSS
codes in neighboring repeaters [4], [16], [24]. In [24], the
potential performance advantages of asymmetric codes for
quantum communication over asymmetric channels have been
demonstrated. These do not address how asymmetric code
blocks can be incorporated into a fault-tolerant repeater archi-
tecture. Our implementation in Sections IV and V provides, to
the best of our knowledge, the only explicit architecture that
allows asymmetric code pairs to be incorporated into a second-
generation repeater protocol while still supporting these logical
CNOT operations. The simulation results in Section VI show
the benefit of this approach. For a fixed number of physical
qubits per repeater, our asymmetric-code construction achieves
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Fig. 3. Illustration of the entanglement swapping process. In this figure,
the qubit on the top is g4 in repeater A, the qubit at the bottom is g in
repeater C, and the two qubits in the middle are g, g/ in repeater B. After
entanglement distribution, g 4, Gp are entangled, and G/, g~ are entangled.
Now we measure ¢, g in the Bell basis and send the classical information
of the measurement result to g 4 and g to apply corrections. After the entire
process, g 4,qc Will be entangled in the [040¢) + |TATC> state.

lower logical error rates than the corresponding symmetric-
code baselines. Using asymmetric codes that satisfy the noise
model with (partial) transversal CNOTs is a conventional
approach. The central difficulty of this idea is ensuring that
these codes can still support the logical CNOT operations
required for entanglement distribution. We will show that most
of such designs are impossible.

A. Asymmetric CSS code pair with fully transversal CNOTs

We hope to find a pair of asymmetric QECCs that satisfy
the asymmetric noise of the remote CNOT gate. If we apply
remote CNOTs from code A to code B, then we want code
A with a higher dz and code B with a higher dx. Thus,
code A can better protect against Z errors while code B can
better protect against X errors. Furthermore, it is required that
remote fully transversal CNOTs from A as control to B as
target result in logical CNOTs from A to B. However, as
implied from Theorem 1 in [4], for two CSS codes, if the
transversal CNOTs from code A to code B implement logical
CNOTs from A to B, then we have E4 C EZ, where E4
is the set of Z errors that can be corrected by code A and
EZ is the set of Z errors that can be corrected by code B.
Thus, this approach does not work. It cannot provide better
protection against biased remote CNOT noise than just using
identical symmetric codes with the same number of physical
qubits, which shows the limitation of [16].

B. Asymmetric CSS code pair with partial transversal CNOTs

The previous subsection rules out the most direct approach,
where logical CNOTs between codes are implemented by fully
transversal remote CNOTs. A natural relaxation is to allow
only partial transversal CNOTs to be applied. However, we
will prove that this relaxation is still not sufficient for the
repeater setting considered here.

Definition 1. Let Q4 and Qp be two [[n, k|| quantum codes,
where @) 4 is the control code block and @ is the target code
block. For a subset S C {1,...,n} of physical-qubit indices,
we define the partial transversal CNOT operator for the code
pair (Q4,Qp) as Us = [[,cg CX;, where C'X; denotes the
physical CNOT acting from the i*® physical qubit of Q4
to the 7" physical qubit of Qp. The code pair (Q4,Q35)
admits partial transversal logical CNOTs if there exists a
partial transversal CNOT Ug such that, on the code space,



[Ljers CXj = lics CXi, where M C {1,...,k} is a subset
of the k logical-qubit pairs encoded in (Q4,Qp), and CX;
denotes the logical CNOT from the ;" logical qubit of Q4
to the j*" logical qubit of @Qp. This operation preserves the
original structure of the code pair (Q4,@p) if it does not
change the stabilizers of the two codes, and it acts as logical
identities on logical qubits not in M.

Theorem 1. If a [[n,k,d]] CSS code pair (Qa,Qp), where
QA is the control and Q) is the target, has partial transver-
sal logical CNOTs that preserve the original structure of
(Qa,Qp), then dz(A) < dz(B). i.e. the Z distance of Q4
is smaller than or equal to the Z distance of Qp.

Proof. Since (Q 4, Q) has partial transversal logical CNOTs,
we have S C {1,...,n}, M C {1,...k} st. [[;c), CX; =
[I;cg CX;. Each code has k equivalence classes of logical Z
operators, ZAJ, ---;ZA,k for Q4 and ZB,l, --~;ZB,k for @),
where all the elements in Z A,; performs a equivalent logical
Z operation on the i logical qubit in Q 4, similar for Zg ;.
For the default construction of a CSS code, all the logical
Z operations consist of only physical Z operations. Thus,
for every logical 7B7i operator in () g, there exists Pp; C
{1,...,n} such that Zp,; = I1;ep, , Zj, where the product
of the single-qubit Pauli operators Z; forms the physical n-
bit pure Z representative of the equivalence class Zp ;. A Z
type logical operation Zp in Qp is a product of some logical
Z operations. Thus, a Z-type logical operator in Qg can be
expressed as follows: Zp = [[,cyr Z5,i = [Licn [ljep, , Z)
for some H C {1,...,k} and Pp; C {1,...,n}. A logical
operator is still in the logical equivalence class after being
multiplied by stabilizers of the code. We consider an arbitrary
representative of a logical Z operator for Qp: 7*3 =SpZp =
Sellien ljep,, Zj; where Sp is an X-type stabilizer of
code ()p. Consider the Heisenberg picture operator of 7;
after the partial transversal logical CNOTs. We observe that

[1cx,(* 7y I] X, (1
jeEM JEM
=[[cxi®"ess [ T[ %) ]]cx
i€S leH jEPpB, €S
=[[cxi(1®" ® Sg) [[ CX:
€S i€S
<[] (H cxi(r*re [ z)]] C)Q)
leH “ieS JEPB €S
=S« [[( I %o [] %)
leH keSNPgp, JEPB,I
(I T wess(II T 2

leH keSNPp leH jePy,

In the logical level, formula (1) is also equivalent to
Z*A ® 7*3. We assume that the partial transversal logical
CNOTs preserve the original structure of (Qa,Qp). So the
Z type logical operator of @4 should act as the identity on
qubits in @p and vice versa. We get a representation of 72
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Fig. 4. Tllustration of recursively constructing a [[4,2,2]] code with a
[[2,1,1]] XX and a [[2,1,1]] ZZ code. If we employ this architecture in
quantum repeaters, the two different [[2, 1, 1]] codes should be placed in the
two neighboring repeaters separately, and the two physical CNOTs in the box
will be replaced with remote CNOTs.

from formula (2) as follows: Z 4 = [[,c [iesnpy, 2 I

we compute the weight of Z type physical operators of 72
and Z 5, we immediately get w(Z ) < w(Zp). If (Qa,Qp)
has partial transversal CNOTs that preserve the original code
structures, for every Z type logical operator Zy of Qp, we
can always construct a Z type logical operator Z 4 of Q 4 with
w(Z ) < w(Zy). By the definition of the Z distance, dy is
the minimal weight of all logical Z operators of the code, or
the number of qubits where the operator differs from 7 [13].
Now we can conclude that dz(A) < dz(B).

O

This leads to the same conclusion as the previous subsec-
tion, where the set of Z errors that can be corrected by code A
must be a subset of the set of Z errors that can be corrected by
code B. Asymmetric CSS codes with partial transversal logical
CNOTs cannot work for the remote CNOT noise setting.

C. Asymmetric non-CSS code pair

We can also search for asymmetric non-CSS code pairs
that support the required logical CNOT operations. Such
codes are more general than CSS codes, but they lose the
structural features that make the asymmetric repeater design
tractable and scalable in this work. Therefore, while non-CSS
asymmetric code pairs may be an interesting direction for
future work, they are outside the scope of this paper.

IV. ASYMMETRIC QRM CODE FOR REMOTE CNOT NOISE

Due to the limitations mentioned previously, we explore
an alternative design philosophy that completely removes the
requirement of logical CNOT transversality between neighbor-
ing repeaters. We temporarily combine neighboring asymmet-
ric code blocks into a larger distributed code using transversal
remote CNOTs. Logical CNOTs are then implemented via
automorphisms of the larger code, with all SWAP gates
realized via qubit relabeling. In this work, we focus on QRMs
because they provide an explicit code family satisfying the
two properties required by our approach.

A. Recursive construction to larger code families

We note that a pair of asymmetric QRMs can be entangled
to form a larger one by applying transversal CNOTSs from the
one with higher dz (more X stabilizers) to the one with higher
dx (more Z stabilizers). [[2,1,1]] XX code with stabilizer
S = {XX} and [[2,1,1]] ZZ code with S = {ZZ} can be
combined into a [[4,2,2]] code with S ={ZZZZ, XX XX}
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Fig. 5. Illustration of allowed and not allowed permutations that generate the
logical CNOTs.
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Fig. 6. Ilustration of the automorphic logical CNOT in [[4,2,2]] code,

constructed from asymmetric [[2, 1, 1]] codes. The right circuit is the physical
implementation of the left logical CNOT gate in codeword space. Here, the
physical SWAP gate can be implemented virtually by qubit relabeling.

via transversal CNOTs from XX code to ZZ code as shown
in Fig. 4. If we implement the physical CNOTs using remote
CNOTs, then the XX code provides stronger protection against
the resulting Z errors, whereas the ZZ code provides stronger
protection against the resulting X errors. QRM taxonomy can
also provide more code families that meet these criteria. For
the next larger case, one could consider a pair of asymmetric
[[8,3,2]] codes to form a [[16,6,4]] code.

B. Automorphic logical CNOT by local relabelings

We find several larger codes constructed from asymmetric
QRM pairs, with automorphic logical CNOT(s) between log-
ical qubits that were originally in the different asymmetric
codes. Relabelings are local to the control or target side of
the code system. The logical CNOT in [[4, 2, 2]] code can be
realized by relabeling 2 qubits that are in [[2, 1,1]] XX code
as shown in Fig. 6. The next larger one is the [[16, 6, 4]] code
constructed from asymmetric [[8, 3, 2]] pair. But in this case,
we will use only two logical qubits in each of the [[8, 3, 2]]
code, as we can only implement two logical CNOTs inside
the [[16,6,4]] code at a time by local qubit relabeling.

V. ERROR SUPPRESSION VIA PROPOSED ARCHITECTURE

The QRM pair discussed above can mitigate the asymmetric
noise from the remote CNOTs. Let code A have a higher dz
and code B have a higher dx. These two codes are alternated
along the entanglement distribution path, such that adjacent
repeaters employ two different asymmetric codes. This ensures
that, for each remote CNOT, the control qubit is encoded in a
code with stronger protection against Z errors, while the target
qubit is encoded in a code with stronger protection against X
errors. All intermediate repeaters employ two identical codes,
which simplifies entanglement swapping. The entanglement
distribution between two neighboring repeaters is carried out
according to the following steps: () We construct a larger code
by performing transversal remote CNOTs from the higher dz
code to the higher dx code. 2) To implement the logical

high d code relabeling
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Fig. 7. Tllustration of the general entanglement distribution process using
our asymmetric codes with automorphic logical CNOTs design. Here, all the
physical CNOT gates are implemented by remote CNOTSs.
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Fig. 8. Tllustration of creating a logical entangled pair between repeater A
and C via an intermediate repeater B using asymmetric [[2, 1, 1]] codes.

CNOTs between the two closest repeaters, we apply qubit
permutations within one repeater. This can be done at no phys-
ical cost using qubit relabeling. 3 Then, we decompose the
larger code to recover the original code blocks by performing
transversal remote CNOTs from the higher dz code to the
higher dx code. After this process, we can do the syndrome
measurements within each repeater. Fig. 7 demonstrates the
general process of the above steps.

Fig. 8 illustrates a repeater design for entangling the logical
qubits in repeaters A and C via an intermediate repeater B, by
encoding the logical qubits into the different [[2,1,1]] codes
at each repeater. The top two qubits reside in repeater A, the
four intermediate qubits in B, and the bottom two qubits in
C. All CNOTs enclosed in dotted-line boxes are implemented
remotely. We encode |g4), |gc) to [[2,1,1]] XX code A and
code C, and encode |gg),|gp’) to [[2,1,1]] ZZ code B and
code B’. After the first layer of remote CNOTs, code A, B, and
code B’, C are combined into two [[4,2,2]] codes. Then we
perform qubit permutations acting only on the physical qubits
within code A and code C. These permutations implement
the logical CNOT(|g4) — |gg)) and CNOT(|g~) — |Gg/))-
Subsequently, we decompose the two [[4,2,2]] codes back
to the original [[2,1,1]] XX and ZZ code pairs via another
layer of remote CNOTSs so that we can perform syndrome
measurement locally within each repeater. Finally, we perform
the entanglement swapping to entangle the logical qubits |G 4)
and |g.). Throughout this, the control qubits of all remote
CNOTs are encoded in codes with higher dz, while the target
qubits are encoded in codes with higher dx.

The same design can be used if we replace the simple
asymmetric [[2,1,1]] codes with asymmetric [[8, 3,2]] codes,
which can correct the dominant asymmetric noise from the
remote CNOT and detect the other type of error possibly from



the entanglement swapping process. Note that we can use two
of the three logical qubits in each [[8,3,2]] code due to the
automorphic structure of the [[16, 6,4]] code constructed from
the asymmetric [[8, 3, 2]] pair. We can select larger asymmetric
QRM pairs to provide correctability to all types of errors.

VI. EVALUATIONS

We employ asymmetric codes to mitigate the noise intro-
duced by remote CNOTSs. For a fixed number of physical
qubits in each repeater, we compare our asymmetric code
scheme against a baseline in which all repeaters are encoded
with identical codes. For the biased noise generated from the
remote CNOTs, we assume that the probability of getting a
Z error on the control qubit is the same as the probability
of getting an X error on the target qubit. We also assume
perfect encoders and decoders, with configurable gate noise
simulated by depolarizing noise after each intra-repeater gate.
In the simulation, we consider 3 repeaters: A, B, and C. We
perform entanglement distribution between repeaters A and
B, and B and C. Then, we do entanglement swapping inside
B. The final logical error rate is calculated based on Bell
measurement results of logical qubits in repeaters A and C.

Fig. 9 shows the major results. In the figure, the blue
curve uses our new repeater design, where we use different
asymmetric [[8,3,2]] codes in neighboring repeaters (two of
the three encoded logical qubits are utilized in each code), and
the remote CNOTs are used to construct and destruct bigger
codes with logical CNOTs done by qubit relabeling. All three
other configurations use identical codes in all repeaters, where
transversal remote CNOTs are used to implement the logical
CNOTs. The orange curve uses identical symmetric [[8, 6, 2]]
codes in all repeaters, and the red curve uses identical sym-
metric [[16, 6,4]] codes in all repeaters. For the green curve,
we pick the high dz [[8,3,2]] code and use the same code
in all repeaters. When there is no gate noise, our asymmetric
[[8,3,2]] codes with automorphic CNOTs design achieves a
logical error rate as low as that of using identical [[16, 6, 4]]
codes in all repeaters. When the gate noise is % of the remote
CNOT noise, the logical error rate of our design is even lower
than using identical [[16, 6, 4]] codes. This is also true when the
gate noise is 1—10 or % of the remote CNOT noise. Furthermore,
our new design always achieves the highest post-selection rate
regardless of the gate noise. All results show that our new
repeater architecture can achieve a fidelity improvement for a
fixed number of physical qubits per repeater.

VII. CONCLUSION

Remote CNOT protocols employed in entanglement dis-
tribution induce asymmetric error patterns, which are not
naturally matched to conventional repeater architectures based
on identical symmetric quantum error-correcting codes. For
asymmetric CSS codes, we showed that both fully and par-
tially transversal logical CNOT approaches impose constraints
incompatible with the desired asymmetric protection: stronger
Z-error protection on the control side and stronger X-error
protection on the target side. Motivated by this, we proposed

a repeater architecture that exploits pairs of asymmetric QRM
codes together with automorphic logical CNOT gates. The pro-
posed approach temporarily combines neighboring asymmetric
code blocks implemented in adjacent repeaters into a larger
code using remote transversal CNOT operations. Within the
resulting larger code, logical CNOT gates are implemented
entirely through local qubit relabelings. This approach avoids
the restrictive CNOT transversality requirements of using
asymmetric codes in neighboring repeater stations in [4] while
simultaneously tailoring the error protection capability of each
station to the dominant local noise.

To show the feasibility of our work, we constructed explicit
examples based on asymmetric [[2,1,1]] and [[8, 3,2]] QRM
code pairs. Simulations show that the proposed architecture
improves the fidelity of the generated long-distance entangle-
ment compared with conventional designs that employ identi-
cal codes at all repeater stations. For a fixed number of physi-
cal qubits per repeater, our design achieves lower logical error
rates while maintaining higher post-selection rates over a wide
range of remote CNOT error probabilities. This work shows
that code automorphisms provide a promising mechanism for
implementing fault-tolerant logical operations in distributed
quantum networks. Recent work [17] has also highlighted the
potential of automorphism-based logical CNOTs to reduce
the overhead of logical entangling operations and to enable
compiler optimization. One future direction is to develop joint
decoding schemes that explicitly exploit the correlated error
structure of remote CNOTSs. By applying suitable local basis
rotations after Bell-pair purification to the entangled photon
pair, correlated errors of the form (Z4Xp) may become
the dominant error mechanism between neighboring repeaters
[16]. In this regime, neighboring stations could exchange syn-
drome information and decode jointly. Such an approach may
provide stronger protection against correlated inter-repeater
errors and further improve the performance.
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